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I. Introduction

M INIMUM time solution of classes of linear and nonlinear
dynamic systems with bounded inputs is well known to be

bang–bang, that is, the optimal inputs switch between minimum
and maximum values.1 3 Structures of their solution are well doc-
umented in the literature. Mayer problems for classes of feedback
linearizablenonlinearsystemswith mixed inputandstateconstraints
also have special structures:At least one constraint is always on the
boundary.4 This result is a generalizationof the classicalbang–bang
result for linear systems.

In this paper, we consider Bolza optimal control problems where
the dynamic systems are given by

Px D f .x/ C g.x/u (1)

where x 2 Rn are the states, u.t/ 2 Rm are the controls, and the
matrix g.x/ consists of smooth vector � elds g1.x/; : : : ; gm .x/. The
objective is to

minimize J D 8[x.t f /; t f ] C
Z t f

t0

F.x; u/ dt (2)

where t 2 [t0; t f ] denotes the time. The scalar functions8[x.t f /; t f ]
and F.x; u/ havecontinuous� rst andsecondpartialderivativeswith
respectto theirarguments.The inequalityconstraintsare s.x; u/ · 0
and c.x/ · 0. The terminal states satisfy Ã [x.t0/; x.t f /] D 0 with
@8=@t f 6D 0.

A Mayer optimal control problem does not have an explicit inte-
gral in its cost: This is a major differencebetween Bolza and Mayer
optimal control problems. As is well known, every Bolza problem
can be converted to a Mayer problem through the following two
steps: An auxiliary state xn C 1 is added to Eq. (1) with the dynamics
Pxn C 1 D F.x; u/, thereby, modifying the state equations to

Px D f .x/ C g.x/u; Pxn C 1 D F.x; u/ (3)

The cost in Eq. (2) can now be rewritten as

minimize J D 8[x.t f /; t f ] C xn C 1.t f / (4)

with xn C 1.t0/ D 0. In this new form of the problem, the inequality
constraints and boundary constraintsdo not change.

As outlined in Ref. 4, special structures are present in the op-
timal solution of a Mayer problem if the governing system dy-
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namics are feedback linearizable, that is, diffeomorphic to chains
of integrators. Such structures will also be present in the solution
of a Bolza problem if the set of Eqs. (3) is feedback linearizable.
This motivates the statement of the problem discussed in this Note:
given the state Eqs. (1) and the integrand F.x; u/ in Eq. (2), what
forms of F.x; u/ will make the augmented state Eqs. (3) feedback
linearizable?

The organization of this Note is as follows: Section II derives
the necessary conditions for Eqs. (3) to be feedback linearizable.
Consistent with these necessary conditions, linear and quadratic
forms of F .x; u/ are studied in detail in Secs. III and IV, re-
spectively. The results of this paper are illustrated by an example
in Sec. V.

II. Conditions on F(x, u)
A. Background Results

De� nition 1: A system Px D f .x; u/; x 2 Rn ; u 2 Rm is said
to be differentially � at if there exists y 2 Rm dependent on x ,
u, and their derivatives up to a � nite order such that x and u
can be written as functions of y and its derivatives up to a � nite
order.

Flat systems are dynamic feedback linearizable.5;6 Necessary
and suf� cient conditions do not exist that guarantee a general
system to be � at. However, there are results for special classes
of systems. For example, � atness is equivalent to controllabil-
ity for linear systems. Other systems that are known to be � at
are static feedback linearizable systems, which are characterized
as follows7;8:

Theorem 1: A control af� ne system

Px D f .x/ C
mX

i D 1

gi .x/u i

is static feedback linearizable if and only if the following distribu-
tions are constant rank and involutive:

D0 D hg1; : : : ; gmi

Di D
«
Di 1; ad i

f g1; : : : ; ad i
f gm

¬
; 8i D 1; : : : ; n 1

and Dn 1 spans Rn .
Proposition 1: A single-input system is dynamic feedback lin-

earizable if and only if it is static feedback linearizable. The proof
can be found in several papers and textbooks, for example, Refs. 6
and 9.

Proposition 2: A necessary condition for a system

Px D f .x; u/; u 2 Rm (5)

Pxn C 1 D F.x; u/ (6)

to be dynamic feedback linearizable is that Eq. (5) be dynamic
feedback linearizable.

Proof: A dynamic compensator for Eq. (5) is

Pz D a.x; z; v/; u D b.x; z; v/ (7)

Therefore, if

z D xnC1; F .x; u/ D a.x; z; v/; u D v

we can view Eq. (6) to be a dynamic compensatorfor Eq. (5). Then,
the dynamic feedback linearizabilityof Eqs. (5) and (6) implies dy-
namic feedbacklinearizabilityof Eq. (5). That is, Eq. (5) is dynamic
feedback linearizable. ¤

Corollary 1: If Eq. (5) is restricted to a single input and the over-
all system is dynamic feedback linearizable, then Eq. (5) is static
feedback linearizable.

Proof: It is clear from the precedingpropositionand equivalence
between static and dynamic feedback linearization for single-input
systems.

Corollary 2: If Eqs. (5) and (6) are linear and the overall system
is controllable, then Eq. (5) is controllable.
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Remark: Because there does not exist a necessary and suf-
� cient condition to know whether or not a system is dynamic
feedback linearizable, in the sequel, when dealing with nonlin-
ear systems, we restrict ourselves to static feedback linearizable
systems.

B. Necessary Condition
Proposition 3: If the system

Px D f .x/ C
mX

j D 1

g j .x/u j (8)

Pxn C 1 D F.x; u1; : : : ; um / (9)

is static feedback linearizable, then

@2 F

@u i @u j
D 0; 8i; j j 1 · i · n 1 · j · n

Proof: Equations (8) and (9) can be rewritten in the af� ne form by
introducing8 j D 1; : : : ; m, the new state variables y j D u j , the new
controls v j , and the new equations Py j D v j :

Px D f .x/ C
mX

j D 1

g j .x/y j ; Pxn C 1 D F.x; y1; : : : ; ym /

Py j D v j ; 8 j D 1; : : : ; m

A straightforward computation shows that the second distribu-
tion associated with this system is static feedback linearizable
if and only if @2 F=@yi @y j D 0. Hence, in the original variables,
@2 F=@u i @u j D 0. ¤

Therefore, the only allowable forms for

F.x; u1; : : : ; um/ D l.x/ C
mX

j D 1

l j .x/u j

III. Admissible Linear Costs
In this section, we consider both necessary and suf� cient condi-

tions for feedback linearizability of Eqs. (8) and (9). We make the
following assumptions: 1) The system described by Eq. (8) is feed-
back linearizable and has a Brunovsky canonical form. 2) F.x; u/
is linear in both states and inputs, which is a special case of the
form required in Proposition 3. Let the Brunovsky canonical form
for Eq. (8) be

Pyi D yi C 1; 8i D 1; : : : ; n i 6D l j

Pyl j D v j ; l j D
jX

r D 1

kr j D 1; : : : ; m

Pyn C 1 D
nX

i D 1

¸i yi C
mX

j D 1

¹ j v j (10)

where k j are the controllability indices (e.g., see Ref. 8 for a
description of these indices).

Proposition 4: System (10) is controllable if and only if at least
oneof the coef� cientsf¸1; ¸l1 C 1; : : : ; ļn 1C1g is differentfromzero.

Proof: It can be shown that all of the state variablesand the inputs
can be written as linear functions of the variables w1; : : : ; wm and
their derivatives,where

w j D yl j C 1; 8 j D 1; : : : ; m 1

wm D yn C 1

nX

i D 1;i 6D l j

¸i C 1 yi

mX

j D 1

¹ j yl j (11)

Hence, the systemis � at and, therefore,controllable.This � nishes
the proof of the suf� ciency.

To see the necessity, de� ne again wm as in Eq. (11). If all of the
coef� cients f¸1; ¸l1 C 1; : : : ; ¸ln 1 C 1g are zero, then Pwm D 0. There-
fore, the system is not controllable as proven in Ref. 6. ¤

IV. Admissible Quadratic Costs
In this section, we consider both necessary and suf� cient con-

ditions for feedback linearizability of Eqs. (8) and (9) under the
following assumptions: 1) The system described by Eq. (8) is
feedback linearizable and has a Brunovsky canonical form. 2)
F.x; u/ is quadratic in states but only linear in the inputs, con-
sistent with Proposition3. Let the quadratic cost have the following
form:

F.x; u1; : : : ; um / D
nX

i; j D 1

ai; j xi x j C
nX

i D 1

bi xi

C
mX

j D 1

"
nX

i D 1

c j
i xi C d j

#
u j (12)

The following theorem speci� es further restrictions on admissible
F.x; u1; : : : ; um /.

Theorem 2: The system in Brunovsky form, augmented by an
additional equation to re� ect the cost in Eq. (12), is

Pxi D xi C 1; 8i D 1; : : : ; n i 6D l j

Pxl j D u j ; l j D
jX

r D 1

kr j D 1; : : : ; m

Pxn C 1 D
nX

i; j D 1

ai; j xi x j C
nX

i D 1

bi xi C
mX

j D 1

"
nX

i D 1

c j
i xi C d j

#
u j (13)

where k1 ¸ k2 ¸ ¢ ¢ ¢ ¸ km are the controllability indices (for a de-
scription on how to compute these indices, see, for example,
Ref. 8). This augmentedsystem is static feedback linearizableif and
only if

r 1X

s D 1

. 1/s C 1
¡
al j r s C 1; lk r C s C 1 C alk r C s C 1; l j r s C 1

¢

rX

s D 1

. 1/s C 1
¡
alk r s C 2; l j r C s C al j r C s; lk r s C 2

¢

D . 1/r
¡
ck

l j 2r C 1 C c j
lk 2r C 1

¢

8 j; k D 1; : : : ; m 8r D 0; : : : ; km 1

rX

s D 1

. 1/s C 1
¡
al j r s C 1; lk r C s C alk r C s; l j r s C 1

¢

rX

s D 1

. 1/s C 1
¡
alk r s C 1; l j r C s C al j r C s; lk r s C 1

¢

D . 1/r 1
¡
ck

l j 2r c j
lk 2r

¢

8 j; k D 1; : : : ; m 8r D 0; : : : ; km 1

Here, alk ®;l j ¯ D 0 if lk ® · lk 1 or l j ¯ · l j 1. Similarly,
ck

l j ®
D 0 (respectively c j

lk ¯
D 0) if l j ® · l j 1 (respectively

lk ¯ · lk 1).
The proof of Theorem 2 can be found in the Appendix.
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V. Example
The dynamicequationsof motion for a � exible joint linkare given

in Ref. 4

I Rq1 C MgL sin.q1/ C k.q1 q2/ D 0; J Rq2 k.q1 q2/ D u

(14)

Choosing the state variables x1 D q1, x2 D Pq1 , x3 D q2 , and x4 D Pq2,
the state equations are

Px1 D x2; Px2 D .MgL=I / sin.x1/ .k=I /.x1 x3/

Px3 D x4; Px4 D .k=J /.x1 x3/ C .1=J /u (15)

A globallydiffeomorphictransformationand a correspondingfeed-
back law transforms the system into Brunovsky form10:

Py1 D y2; Py2 D y3; Py3 D y4; Py4 D v (16)

The inverse transformationsxi D xi .y1; y2; y3; y4/ and u D u.y1; y2;
y3; y4; v/ are also available in Ref. 10.

According to Proposition 4, admissible linear cost in the new
variables

F.y; v/ D
4X

i D 1

¸i yi C ¹v; ¸1 6D 0

will transform the augmented system to Brunovsky’s form. For the
choice ¸1 D 1, these equations are

Pzi D zi C 1; 8i D 1; : : : ; 4 Pz5 D v (17)

The transformationsaccording to Eq. (11) are

z1 D y5 ¸2 y1 ¸3 y2 ¸4 y3 ¹y4

zi D yi 1; 8i D 2; : : : ; 5 (18)

Similarly, according to Theorem 2, admissible quadratic costs in
the new variables have the form

F.y; v/ D
4X

i; j D 1

ai; j yi y j C
4X

i D 1

bi yi C
4X

i D 1

ci yi v C dv (19)

where a4;4 D c3 , a3;3 a2;4 a4;2 D c1 , and a1;3 C a3;1 D a2;2. These
costs can also be mapped to the original states and input variables
using the inverse transformation and feedback law. For example, a
cost in the original variables of the form

F.x1; x2/ D
2X

i; j D 1

ai; j xi x j C
2X

i D 1

bi xi (20)

satis� es all of the conditionsfor a Mayer’s problem with state equa-
tions in Brunovsky form if a2;2 D 0.

For illustration, we choose a Bolza optimal control problem as

minimize J D t f C
Z t f

0

[y1 C¸2 y2 C ¸3 y3 C ¸4 y4 C¹v] dt (21)

subject to Eq. (15) and inequality constraints jvj · 1. Note that to
use the structure of the results, we write the cost in the transformed
variables y1; : : : ; y4, v, and ¸2; : : : ; ¸4 and ¹ are arbitrarily se-
lected constants.The boundary conditions are taken as x1.0/ D x10,
x2.0/ D x20, x3.0/ D x30 , x4.0/ D x40 , x1.t f / D x1 f , x2.t f / D x2 f ,
x3.t f / D x3 f , and x4.t f / D x4 f .

When these results are used, the transformedMayer optimal con-
trol problem is

minimize J D t f C y5.t f / D z1 f C ¸2z2 f C ¸3z3 f C ¸4z4 f C ¹z5 f

(22)

subject to Eqs. (17) and (18) and inequality constraints jvj · 1.
The boundary conditions for the new problem are z1.0/ D z10;
z2.0/ D z20, z3.0/ D z30, z4.0/ D z40 , z5.0/ D z50 , z2.t f / D z2 f ,

z3.t f / D z3 f , z4.t f / D z4 f , z5.t f / D z5 f and are obtained by trans-
forming the given boundary conditions, with z1.t f / free. The so-
lution of this new Mayer problem can be obtained using standard
solution techniques.1

VI. Conclusions
It was shown that classes of optimal control Bolza problems can

be transformed to Mayer problems with feedback linearized state
equations. It was proved that the integrand in the cost functional
must necessarily be linear in the control inputs. Furthermore, both
necessaryand suf� cient conditionswere derivedfor such integrands
to be transformed to a Mayer problem with the Brunovsky form of
the state equations.Also, the results were illustratedby an example.
We believe that this is an alternate approach to solve Bolza optimal
control problems by transforming them to Mayer problems with
special structure of the state equations.

Appendix: Proof of Theorem 2
Let

f .x/ D
i D nX

i D 1
i 6D l j

xi C 1
@

@ xi

C

Á
nX

i; j D 1

ai; j xi x j C
nX

i D 1

bi xi

!
@

@xn C 1

be the drift vector � eld, and let

g j D @

@xl j

C

"
nX

i D 1

¡
c j

i xi

¢
C d j

#
@

@xn C 1

be the vector � eld associated with inputs of the system 8 j D
1; : : : ; m.

It is easy to see by induction that the distributionsassociatedwith
the system are

D0 D
«©

´
j
0 D g j ; j D 1; : : : ; m

ª¬

Dr D
«©

´ j
p; j D 1; : : : ; m; p D 0; : : : ; r

ª¬

where

´ j
p D @

@xl j p

C

2

64bl j r C 1 C
s D pX

s D 1

. 1/s C 1
i D nX

i D 1
i 6D l j

¡
ai;l j l C s C al j l C s; i

¢

£ xi C s 1 C . 1/p
i D nX

i D 1
i 6D l j

c j
i xi C p

3

75
@

@xn C 1

Therefore, assuming involutivity of D0; : : : ; Dr 1 , the involutivity
conditions of Dr read as follows:

£
´ j

r ; ´k
p

¤
2 Dr ; 80 · p · r 8 j; k D 1; : : : ; m

Since
£
´ j

r ; ´k
p

¤
D

£
´

j
r 1; ´k

p C 1

¤
2 Dr 1 ½ Dr

80 · p · r 2 8 j; k D 1; : : : ; m

the only conditions to be checked for the distribution Dr are
£
´ j

r ; ´k
r 1

¤
2 Dr ;

£
´ j

r ; ´k
r

¤
2 Dr

On evaluating, it can be shown that

£
´ j

r ; ´k
r 1

¤
D

"
r 1X

s D 1

. 1/s C 1
¡
al j r s C 1; lk r C s C 1

C alk r C s C 1; l j r s C 1

¢ rX

s D 1

. 1/s C 1
¡
alk r s C 2; l j r C s

C al j r C s; lk r s C 2

¢
C . 1/r 1

¡
ck

l j 2r C 1 C clk 2r C 1

¢
#

@

@xn C 1
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Since @=@xn C 1 =2 Dr ,
r 1X

s D 1

. 1/s C 1
¡
al j r s C 1; lk r C s C 1 C alk r C s C 1; l j r s C 1

¢

rX

s D 1

. 1/s C 1
¡
alk r s C 2; l j r C s C al j r C s; lk r s C 2

¢

D . 1/r
¡
ck

l j 2r C 1 C c j
lk 2r C 1

¢

8 j; k D 1; : : : ; m 8r D 0; : : : ; km 1

On the other hand,

£
´ j

r ; ´k
r

¤
D

"
rX

s D 1

. 1/s C 1
¡
al j r s C 1; lk r C s C alk r C s; l j r s C 1

¢

rX

s D 1

. 1/s C 1
¡
alk r s C 1; l j r C s C al j r C s; lk r s C 1

¢

C . 1/r
¡
ck

l j 2r clk 2r

¢
#

@

@ xn C 1

This implies
rX

s D 1

. 1/s C 1
¡
al j r s C 1; lk r C s C alk r C s; l j r s C 1

¢

rX

s D 1

. 1/s C 1
¡
alk r s C 1; l j r C s C al j r C s; lk r s C 1

¢

D . 1/r 1
¡
ck

l j 2r clk 2r

¢

8 j; k D 1; : : : ; m 8r D 0; : : : ; km 1 ¤
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Spin-Axis Stabilization of a Rigid
Spacecraft Using Two Reaction Wheels
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Introduction

D ESIGN of control laws for underactuatedspacecraft is impor-
tant in practice. When one or more actuators fail, the attitude

stabilization should be performed by using control laws for under-
actuated spacecraft with the remaining actuators. The problem of
stabilizationof a rigid spacecraft using two control inputs has been
addressedby several researchers.1;2 Recently, a discontinuousfeed-
back control law was provided for the stabilization of a spacecraft
aboutany equilibriumattitude.1 In Ref. 1, it was conjecturedwithout
formalproof that theclosed-loopsystemof a spacecraftwith thepro-
posedcontrol law mightbe globallyand asymptoticallystable.Tsio-
tras and Longuski presented a new methodology for constructing
feedbackcontrollaws for theattitudestabilizationabout the symme-
try axis.2 However, most previous researchers have considered the
problem of controlling a spacecraft using less than three thrusters.

On the other hand, it is well known that with less than three
momentum wheels the system becomes uncontrollable.3 When the
total angular momentum vector of the spacecraft was assumed to
be zero, Krishnan et al. considered the stabilization problem of an
underactuatedrigid spacecraftusingtwo momentumwheels.4 In this
Note, we consider the problem of spin stabilization of a spacecraft
about a speci� ed inertial axis using two reaction wheels. We derive
a feedback control law that globally and asymptotically stabilizes
the spacecraftabout a revolutemotion alonga speci� ed inertialaxis.

Problem Statement
Consider the rotational dynamics of a rigid spacecraft controlled

by two reaction wheels. We assume that the body-�xed coordinates
are selected to be coincident with the spacecraft principal axes and
that the rotation axes of the reaction wheels are the spacecraft prin-
cipal axes. The dynamics of the spacecraft are given by5

.I1 Ja/ P!1 D .I2 I3/!2!3 C h2!3 u1 (1)

.I2 Ja/ P!2 D .I3 I1/!3!1 h1!3 u2 (2)

I3 P!3 D .I1 I2/!1!2 h2!1 C h1!2 (3)

Ph1 D Ja P!1 C u1 (4)

Ph2 D Ja P!2 C u2 (5)

where I1 , I2 , and I3 are the principalmoments of inertiaof the space-
craft including the moment of inertial contributions of the reaction
wheels, Ja is the moment of inertia of each reaction wheel about
its spin axis, and !1 , !2 , and !3 are the components of the angular
velocity vector along the principal axes of the body-� xed frame.
Also, h1 and h2 are relative angularmomenta of the reaction wheels
with respect to their respective rotational axes, hi are de� ned as Ja

Äi , where Äi is the wheel speed with respect to the spacecraft, and
u1 and u2 are the control torques of the reaction wheels. Without
loss of generality, we assume that Ii > Ja .

In Ref. 6, Tsiotras and Longuski introduceda new parameteriza-
tion de� ning the orientationof rotatingrigidbodies.This parameter-
ization is especially useful to the problem of the spin-axis stabiliza-
tion. According to these results, a transformation from an inertial
frame to a body-� xed frame can be achieved by � rst performing an
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